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Abstract

The“minimum magin” of anensemblelassifieron a given
training setis, roughly speakingthe smalleswoteit givesto
ary correcttraining label. Recentwork hasshavn thatthe
Adaboostalgorithmis particularlyeffective at producingen-
sembleswith large minimum magins, and theory suggests
that this may accountfor its successt reducinggeneraliza-
tion error Wenote,however, thattheproblemof findinggood
maiginsis closelyrelatedto linearprogrammingandwe use
this connectionto derive and testnew “LPboosting” algo-
rithmsthatachieve betterminimummaiginsthanAdaboost.
However, thesealgorithmsdonotalwaysyield bettergeneral-
ization performanceln fact, moreoftenthe opposites true.
We reporton a seriesof controlledexperimentswhich shav
thatno simpleversionof the minimum-magin story canbe
complete. We concludethat the crucial questionasto why
boostingworks so well in practice,and how to furtherim-
prove uponit, remainsmostlyopen.

Someof our experimentsareinterestingfor anotherreason:
we shawv that Adaboostsometimesioesoverfit—eventually
This may take a very long time to occur howvever, which is
perhapavhy this phenomenohasgonelargely unnoticed.

1 Introduction

Recently there hasbeengreatinterestin ensemblemeth-
ods for learning classifiers,and in particularin boosting
[FS97 (or arcing [Bre964) algorithms.Thesemethoddake
agiven“base”learningalgorithmandrepeatedhapplyit to
reweightedversionsof the original training data,producing
a collection of hypotheses,, ..., hy which are then com-
binedin a final aggreyate classifiervia a weightedlinear
vote. Despitetheir “black box” construction—ongypically
doesnot needto modify the baselearnerat all—thesetech-
nigueshave provensurprisinglyeffective atimproving gen-
eralizationperformancén a wide variety of domains,and
for diversebaseearners.

For theseprocedureshereare several concevableways
to determinghe examplereweightingsat eachstep,aswell
asthe final hypothesisveights. The bestknown boosting
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Adaboost.M1(t traininginstances andlabelsy,

basdearnerH,
maxboostingroundsb)
:( /t,. 1/t) ;(exampleweights)
f rj=1.
hj == (x,y,u) ;(basehypothesis)
€5 1= D ih; (wi)ys Wi ;(weightederror)

ife; >1/2,b:=j—1, break

wj := log 11j ;(hypothesisveight)
for _eachui
if hj(ﬂ,“i) # Yir Uj == ui/(2ej)
else, u; = ui/(2(1 — €5))
end
end

returnh = (hy, ..., hp), W = (w1, ..., wp), b

Figurel: ProceduréAdaboost

procedure Adaboost [FS97, computesghemin a particu-
lar way: at eachroundj, the exampleweightsfor the next
roundj + 1 areadjustedsothatthemostrecentbasehypoth-
esisonly obtainserrorrate1/2 onthereweightedrainingset
(Figurel). Theintuition behindthisis to forcethelearnerto
focusonthe“difficult” trainingexamplesandpaylessatten-
tion to thosethatthe mostrecenthypothesigot right. Ad-
aboostthenusesa specificformula for hypothesisveights
that yields a nice theoreticalguaranteeabouttraining per
formance:if the baselearnercanalwaysfind a hypothesis
with error boundedstrictly belov 1/2 for ary reweighting
of thetrainingdata,thenAdaboosis guaranteedb produce
afinal aggre@atehypothesisith zerotrainingseterrorafter
afinite numberof boostingrounds[FS97.

Of course,this only addressesraining error, and there
is no real reasorfrom this to believe that Adaboostshould
generlizewell to unseertestexamples.In fact,onewould
naiely expectthe opposite: since Adaboostproducesn-
creasinglycomplex hypothesedrom a larger space,one
wouldthink thatAdaboosshouldquickly “overfit” thetrain-
ing dataand producea final hypothesisvith worsetester-
ror thanthe single original hypothesigeturnedby the base
learner However, thereis a growing body of empirical
evidencethat suggestsAdaboostis remarkablyeffective at
reducingthe test set error of several well-known learning
algorithms, often significantly and acrossa variety of do-



mains(moreor lessrobustly, but with occasionaéxceptions)
[FS96a Qui9g MO97, BK9I7].

This raisesa centralquestionof the field: why is boost-
ing so successfulat improving the generalizationperfor
manceof alreadycarefully designedearningalgorithms?
One thing that is clear is that boostings successcannot
be directly attributed to a notion of variance reduction
[Bre96h BK97]. Thismysteryis furthercompoundedy the
obsenationthat Adaboosts generalizatiorerror often con-
tinuesto decreasevenafterit hasachiezedperfectaccurayg
onthetrainingset. Whatmoreinformationcouldit possibly
be obtainingfrom the trainingdata?If we could “explain”
boostings real-world successatisactorily, we might hope
to constructbetterproceduredasediponthatexplanation.

Recentprogressin understandinghis issue has been
made by [SFBL97] who appealto the notion of mar
gins Ratherthanfocusexclusively on classificationerror,
Schapireet al. considerthe strengthof the votesgivento
the correctclasslabels. They obsere that even after zero
trainingerrorhasbeenachiesed,Adaboostendsto increase
thevoteit givesto thecorrectclasslabel(relativeto the next
strongestabel vote), andthey positthis asan explanation
for why Adabooststestseterrorcontinuedo decrease.

[SFBL97 examinesthe effect of Adabooston the distri-
bution of mamginsasawhole. However, oneof their exper
imentalobsenationsis that Adaboostseemso be particu-
larly effective atincreasinghe maminsof “dif ficult” exam-
ples (thosewith small margins), perhapseven at the price
of reducingthe mamins of otherexamples. This suggests
the more concretehypothesighat the size of the minimum
(worst)maugin is thekey to generalizatioperformanceand
that Adaboosts successs dueto its ability to increasehis
minimum. Supportingthis conjectureare two theoretical
results,alsofrom [SFBL97: (1) in the limit, Adaboostis
guaranteetb achieve aminimummargin thatis atleasthalf
the bestpossible,and(2) giventhata minimum maigin of
6 > 0 canbe achiered, thenthereis a O(1/6) boundon
generalizatiorerror that holdsindependentlyf the size of
theensemble(SeeSection2 for moreaboutthis theory)

This,then,isthebackgroundor ourwork. As we obsene
in Sections3 and4 it is oftenquiteeasyto improve uponthe
minimummarginsfound by Adaboostby usingLinearPro-
gramming(LP) techniquesn avariety of ways. Soif mini-
mummaurginsreallyaretheprincipledeterminenf learning-
successthis shouldleadto even more effective ensemble
methodsThetruth, though,seemgo bemorecomplex. We
runaserieof controlledexperimentdo testthesignificance
of mawgins, usingvariousrealworld data-set$rom the UCI
repository As wediscussn Sectionb theresultsareattimes
mixed,but overallit seemglearthatthe single-mindegur-
suitof goodminimummamginsis detrimentak

A differentsetof experimentsjn Section6, considerghe
long run behavior of Adaboost. Whenwe boostwell be-
yondtherangeof previously reportedexperimentsmamgins
may improve for along time—hut beyond somepoint, gen-

1\We notethat[Bre974 reportsasingleexperimenthatcorrob-
oratesthis point, but asnotedin [Bre974, thereis somequestion
asto whetherthis controlledfor all relevantfactors.

eralizationerror often deterioratesimultaneously This is
additionalevidenceagainstary simpleversionof the min-
imum maigin story. It alsodemonstratethat(in the limit)
Adaboostis vulnerableto overfitting, which is just asone
would expecta priori, but perhapscontraryto the lessons
onemight take from mostof the short-runexperimentsre-
portedin theliterature.

We would have beenhappierto reportthatthe minimum
mauigin storywasunambiguouslgompleteandcorrect—we
would then truly “understand’boostings successand be
ableto improve uponit substantially Our more negative
resultsthough,arestill important.It is alwaysnecessaryo
testtheoreticalproposalof this type with rigorousexperi-
mentation We concludethatthekey problemof discovering
propertiesof training setperformancehatarepredictive of
generalizatiorerrorin real-world practicestill demandsig-
nificantresearcleffort.

2 Theminimum margin

We begin by definingthe mamin and other relevant termi-
nologymorecarefully An ensemblé = (hy, ..., hy) is afi-
nite vectorof hypothesesGivenanensembletogethemith
amatchingsetof weightsw = (wx, ..., wp), Wherew; > 0
and)_ w; = 1, oneclassifiessxamplesby takingaweighted
voteamongheindividualhypotheseandchoosinghelabel
thatrecevesthelargestvote.

Let the training set be a collection of labeled exam-
ples(z1,y1), .-, (z¢, y:), Wherethe labelscomefrom L =
{1,...,1}. Eachindividual hypothesismapsan example
to a singlelabeP in L. Let vi,y bethe total vote that the
weightedensemblecastsfor labely on examplez;; thatis
2 hyih; (w)=y Wi- NOtethaty - vy = 1.

For a givenexamplez;, we would like morevotesto go
to thetruelabely; thanto ary otherlabel,becausehenthe
ensemblevould classifyx; correctly Thissuggestslefining
themamin m; asv; ,, — maxy-,, v; ,; thatis, thetotal vote
for thetruelabelminusthevotefor the mostpopularwrong
label. This quantityis in therange[—1, 1] andis positve iff
the weightedensembleclassifiesz; correctly It is 1 when
thereis a unanimousvote for the correctlabel. The defini-
tion justgivencanbefoundin [SFBL97 and[Bre974.

However, we insteadconcentrat®n a different,but simi-
lar, quantitydefinedoy m; = v; ,, — Zy £y: Visy (= 20y, —
1). When|L| = 2 thisis identicalto the previous defini-
tion; but it is only a lower boundin general(andthus, it
canbe negative even whenthe correctlabel getsthe most
votes—.e., whenthereis a plurality but not a majority) 2
Thisalternatve definitionis mucheasierto work with, since
it involvesa sumratherthana max. In fact, mostof thethe-
oreticalwork in theliteratureusesghe seconchotion(or else
considerghe 2-classcasewherethereis no distinction)?*
For thisreasonwe will dispensavith thefirst definitionen-
tirely, and from this point usethe term margin always to

Uiy =

2We notethatit easyto generalizeour resultsto handlethecase
wherehypothesesapexamplego distributionsover L.

3Breimanhassometimesalledthis secondjuantitythe edee.

“However, seethe extendedversionof [SFBL97], availableat
www.research.att.com/“schapire.



refertom; = vi,y, — >, ., vi,y- Thereadershouldremain
awareof this subtleterminologicaldistinction.

As discussedh theintroduction thereis somerecentand
importanttheory involving the mamin. [SFBL97] shav a
result boundinggeneralizatiorerror in termsof the mar
gin distribution achieved on the training set. More pre-
cisely if the distribution of mamins has at most a frac-
tion f(9) below 6, the we geta boundon the testerror of
f@®+0 (1/\/1?(133'59—1;’g£ + 10g(1/5))1/2), wheret is the
size of the training sample,H is the size of the basehy-
pothesisclass,and s is the confidencé. This theoremap-
plies if we know the (100 f(6)) %-ile mamgin ¢ for ary
0 > 0. However, the only a priori theoreticalconnection
to Adaboostve know of involvestheminimummaugin (i.e.,
6* = sup {6 : f(8) = 0}): [SFBL97] shav that Adaboost
achievesatleasthalf of thebestpossibleminimum(seeSec-
tion 6 for morediscussion).RecentlyBreimanhasproven
a similar generalizationtheorem[Bre97H, which speaks
only aboutthe minimummamgin—andtherebyobtainseven
strongebounds.Of course neitherof theseresultsis likely
to beaccuraten predictingtheactualerrorsachievedin par
ticular real-world problems(amongotherreasonsbecause
of theO(-) formulationin [SFBL97); perhapsheirrealim-
portanceis in suggestinghe qualitative effect of the mini-
mummamgin achievedall elsebeingequal.

3 Maximizing margins. A Linear Program
Therecentheoreticatesultsustdiscusseduggesthat,be-
yond minimizing training-seterror, we should attemptto
make the minimum maigin aslarge aspossible. It hasal-
readybeenobsenred [Bre974 thatthis maximizationprob-
lem can be formulated as a linear program® Here we
quickly re-demonstratéhis formulation, becausat is the
startingpointandbasisto our work.

For a fixed ensemblér andtrainingset(x,y), definean
error matrix Z which containsentriesz;; suchthatz;; = 1
if hj(z;) =y; andz;; = —1if hj(z;) # y;. Intermsof Z,
themaigin obtainedon example; correspondso thesimple
dOtprOdUCtmi = Ej WjZij = W - Zj.

T1 | 211 - Z1p | T
Ty | Zg1 -t Zgp | My
hi - R
wl ... wb

Our goal is to find a weight vector w that obtainsthe
largestpossiblemargin subjecto theconstraintsy; > 0 and
> w; = 1. Thisis amaxi-minproblemwherewe choosew
to maximizemin; w - z; subjectto w; > 0 and}_ w; = 1.
We turn this into a linear programmingproblemsimply by
conjecturinga lower bound,m, on the minimumvalueand
choosing(m, w) to maximizem subjectto w - z; > m,

STheseresults can be extendedto infinite base hypothesis
spacedo appealingo thestandard/C dimensionbounds.

5Seealso [FS96b], which predateshe “margin” terminology
andalso caststhe definitionsin termsof gametheoryratherthan
linearprogramminghput otherwisemakesthe samepoint.

L P-Adaboost(x,y, H, b)
(h, w,b) := Adaboostx, y, H,b)
Constructerrormatrix Z (of dimensiont x b)
(m, w) := solvelinearprogram:minimizem
subjectto "7, w;z; > m,
’LUj Z 0, ij =1
returnh, w

Figure2: Proceduré_P-Adaboost

i=1,..,t,andw; > 0, > w; = 1. (Notethatm is not
constrainedo benonngatie.)

Although straightforvard, this suggestsa simple test of
how important “minimum maugins” are for real learning
problems. Considerthe ensembleproducedby Adaboost
on a given problem. Although Adaboostalso provides a
weightingover this ensemblewe could simply ignore this
andinsteade-solefor theweightsusingtheLP justformu-
lated. We call this procedure. P-Adaboost; seeFigure 2.
Clearlythiswill achieve aminimummamin atleastasgood
asthe Adaboostweightingdoes. In fact,aswe seein Sec-
tion 5, it generallydoessignificantlybetter Importantly this
useghesameensemblasAdaboosaindsocompletelycon-
trols for expressve power (which otherwisecanbe a prob-
lem; see[Bre97h). To the extentto which minimum mar
ginsreally determinggeneralizatiorerror, we shouldexpect
this to improve generalizatiorperformance.But aswe see
in Section5, this expectationis not realizedempirically.

As an aside,we note that LP-Adaboostis clearly more
computationallyexpensve than Adaboost,sinceit hasto
constructhe Z matrixandthensolvetheresultingLP. How-
ever, thisis still feasiblefor few thousandef examplesand
hundredof hypothesessingthebetterLP package&nown
today; this rangecoversmary (althoughdefinitely not all)
experimentsbeing reportedin the literature. The deeper
questionis, of course whetheronewould wantto useLP-
Adaboosttall (evenignoringcomputationatosts).

4 TheDual Linear Program

Before investigating the empirical performanceof LP-
Adaboostwe first shawv thatthe dual of the linearprogram
formulatedin Section3 leadsto anothetboostingprocedure
whichusesanalternatvetechniqudor computingheexam-
ple reweightings. This procedurecan provably achieve the
optimalmamgin overthe entirebasehypothesispace.

From the work of [Bre97a FS96H it is known that the
dualof the previouslinear programhasa very naturalinter
pretationin our setting. (For a review of the standardcon-
ceptsof primality andduality in LP see[Van96 Lue84.) In
the dual problemwe maintaina weightwu; for eachtraining
example,andaconstrainty, u;z;; < s for eachhypothesis
(i.e., columnin Z). Here,s is the conjecturecdoundon the
dual objective. The duallinear programthenis to choose
(s,u) to minimizes subjectto ), u;2z;; < s,j = 1,...,b,
and>  u; = 1, u; > 0[Van9g p70].

Noticethattheseconstraintdiave a naturalinterpretation.
The vectoru is constrainedo be (formally) a probability
distribution over the examples andthe j'th columnof Z
correspondso thesequencef predictiong(1 if correct,—1



DualL Pboost(x, y, H, tolerance:, maxiterationsbma)
u:=(1/t,..,1/t),b:=0,m:= —1,5:=1

repeat
b:=0+1
hb = H(XJ Yy 11)

§:= Y0 wizip :(scoreof hy, onu)
if s—m <eorb>bmnay b:=b—1, break
(m,w, s,u) := solve primal/duallinearprogram:
maximizem s.t. Z;’.Zl wjzij > m,
wy Z 0, E’U}j =1
minimizes s.t. Y ._, uizi; < 8,
U; Z 0, Zu, =1
end
returnh, w, b

Figure3: ProcedurdualLPboost

if wrong) madeby hypothesish; ontheseexamples.Thus,
>_; wi zij 1S simply the (weighted)scoe achieved by h; on
the reweighting of the training setgiven by u. (l.e., score
on a scalewhere—1 meansit getsall the examplesincor-

rectand+1 meansall werecorrect.) Thus,for eachh;, we
have a constrainthat h; achievesscoreof at mosts. Min-

imizing s meansto find the worst possiblebestscore. We
canthereforerephrasehe dual problemasfollows: Find a
reweightingof (i.e., probability distribution over) the train-
ing set, suchthatthe scores of the besthypothesisn the
ensemblds assmallaspossible.Basically we arelooking
for ahard distribution.

By duality theory thereis a correspondencleetweerthe
primal anddual problems;it is enoughto solve just one of
them,anda solutionto the otheris easilyrecovered.More-
over, theoptimalobjective valueis the samen boththe pri-
mal andthe dual. For us, this implies: The largest mini-
mummaurgin achievablefor given Z (by choosingthe best
weightvectorover the ensemble)s exactlythe sameasthe
smallestbestscoe achievable (by choosingthe “hardest”
reweighting of the training set) This remarkablefact, an
immediateconsequencef duality theory also appearsn
[Bre97a Bre97h and[FS964.

This notion of duality can extendto the entire basehy-
pothesisspace:if we implicitly consideran ensemblahat
containsevery basehypothesisand yet somehav manage
to identify the hardestexamplereweightingthat yields the
lowestmaximumscoreover all basehypothesesthenthis
will correspondo a (hopefully sparse)weight vectorover
theentirebasehypothesispacdhatyieldsthe bestpossible
margin. Oneway of attemptingto do this leadsto our next
boostingstratey, DualL Pboost (Figure3).

This procedurdollowsacompletelydifferentapproacho
identifying hardexamplereweightingsthan Adaboost. The
ideais to take a currentensemblé,, ..., hy_1, Solve there-
sulting LP problem,andtake the dual solutionvectoru as
the next examplereweighting. It thencallsthe baselearner
to addanothebasehypothesito theensemble.

By construction,u is maximally hard for the given en-
semblesoeitheranew hypothesi€anbefoundthatobtains
a betterscoreon this reweighting,or we have corvergedto

anoptimalsolution. This givesusa corvergencaest—ifwe
cannotfind a goodenoughbasehypothesisthenwe know
that we have obtainedthe bestachiezable mamgin for the
entirespacegevenif we have only seena small fraction of
the basehypothese$. Contrastthis with Adaboostwhich
only stopsif it cannotfind a hypothesighatdoesbetterthan
chancqi.e., scoreof exactly 0). In practice Adaboostmay
neverterminate.

Proposition 1 Supposeave havea baselearner H thatcan
alwaysfind the bestbasehypothesigor anygivenreweight-
ing. Then,if the basehypothesispaceis finite, DualLP-
boostis guaranteedo achieveoptimalweightvectorw after
a finite numberof boostingrounds.

The key point to realizeis that DualLPboostshareshe
mostimportantcharacteristiof boostingalgorithms:it only
accessea baselearnerby repeatedlysendingit reweighted
versionsof the given training sample,and incrementally
buildsits ensembleTheonly differencds thatDualLPboost
keepsmuchmorestatebetweercallsto the baselearner:it
needsto maintainthe entire Z matrix, whereasAdaboost
only needsto keeptrack of the currentreweighting. How
muchof aproblemthis causeslepend®nthecomputational
effort of LP solvingvs. thetime takenby the basdearner

5 Generalization performance

We testedtheseprocedure®n several of the datasetsfrom

the UCI repository([MM , KSD9€). Generally we trained
on a randomlydrawn subsetof 90% of the examplesin a
dataset,andtestedon the other10%; we repeatedhis 100
timesfor eachsetandaveragedheresults® For all proce-
dureswe setbmax = 50, althoughthey couldterminatewith

asmallerensemblef any of thevariousstoppingconditions
weretriggered.By constructionl.P-Adaboostisegshesame
ensemble@asAdaboost.

We reportaverageerror ratesfor eachmethod. We omit
confidencentervalsin thetables butinsteadreportwinning
percentagefor eachmethodagainstAdaboostasthe base-
line; this allows for a statisticallywealer but distribution-
free comparison.This numberis the percentagef the 100
runsin which eachmethodhad higheraccurag than Ad-
aboost(allocatinghalf credit for a tie). In general,these
winning percentagesorrelatewell with testerror.

We testedwo basedearners.Thefirst, [FS964 s FindAt-
trTest,searches very simplehypothesispace.Eachclas-
sifier is definedby a single attribute A, a valueV for that
attribute, andthreelabelsiyes, Ino, I». For discreteattributes
A, onetestsanexamplesvalueof A against; if theexam-
plehasnovaluefor A predictl,, if theexamplesvaluefor A
equalsV’ thenpredictlyes otherwisepredictl,,. For contin-
uousattributesV functionsasathreshold—wepredictlyesif
anexamplesvaluefor A is < V; otherwisewe predictino
or [, asappropriate.This simplehypothesiglasshassome
nice propertiedor our experiments:First, it is fastto learn,

"Note that this dependscrucially on the baselearneralways
beingableto find a suficiently goodhypothesisf oneexists; see
Section5 for furtherdiscussiorof thisissue.

8However, for somelarge datasets,chessand splice we in-
vertedthetrain/testproportions.



FindAttrTest Adaboost LP-Adaboost DualLPboost
Dataset error% win% | error% mamgin | error% win% mamgin | error% win% mamgin
Audiology | 52.30 50.0 | 52.30 -1.0 52.30 50.0 -1.0 5470 47.0 -0.804
Banding 27.00 195 | 18.88 -0.080| 22.37 31.0 0.021| 23.88 25.0 0.032
Chess 32.60 0.0 5.24 -0.099 6.49 14.0 0.0 6.59 175 0.010
Colic 18.68 445 | 1795 -0.179| 23.08 225 -0.005| 23.59 19.5 0.002
Glass 47.80 50.0 | 47.80 -1.0 47.80 50.0 -1.0 45.80 55.5 -0.427
Hepatitis 18.38 49.0 | 1819 -0.026| 21.44 36.0 0.063| 21.44 340 0.071
Labor 24.00 14.0 6.50 0.255 7.00 48.0 0.295 6.83 495 0.298
Promoter | 28.09 4.5 8.82 0.165 9.45 475 0.212 9.36 46.5 0.223
Sonar 2729 12.0| 16.76 0.052| 17.81 425 0.113| 19.76 37.0 0.099
Soybean 69.50 50.0 | 69.50 -1.0 69.50 50.0 -1.0 7170 37.0 -0.733
Splice 37.70 0.0 1056 -0.695| 17.10 7.5 -0.415| 12.34 25.0 -0.170
Vote 416 40.0 3.43 -0.056 4.00 415 0.002 550 245 0.019
Wine 3440 0.5 400 0.011 3.06 555 0.073 5.00 415 0.081
Figure4: FindAttrTestResults
C4.5 Adaboost LP-Adaboost DualLPboost
Dataset error% win% | error% mamgin | error% win% mamgin | error% win% mamgin
Audiology | 22.70 17.0 | 16.39 0.446| 16.48 49.0 0.501| 18.09 385 0.370
Banding 25,58 125 | 15.00 0.528| 1542 455 0.565| 2250 20.0 0.430
Chess 418 125 2.70 0.657 2.74 46.5 0.730 297 37.0 0.560
Colic 1446 675 | 17.03 0.051| 18.97 315 0.182| 18.16 44.0 0.108
Glass 30.91 22.0 | 23.95 0.513| 23.91 495 0.624| 26.86 38.0 0.386
Hepatitis 21.06 38.0 | 18.94 0.329| 17.56 59.0 0.596| 20.00 45,5 0.385
Labor 15.33 43.0 | 12.83 0.535| 13.83 47.0 0.684| 15.17 42.0 0.599
Promoter | 21.09 10.5 7.55 0.599 8.00 47.0 0.694| 1355 295 0.378
Sonar 2881 16.0 | 18.10 0.628| 18.62 48.0 0.685| 25.00 23.0 0.478
Soybean 8.86 285 6.97 -0.005 6.55 62.0 0.017 8.41 335 0.003
Splice 16.18 0.0 6.83 0.535 7.00 25.0 0.569| 11.01 0.0 0.393
Vote 495 510 5.02 0.723 5.30 445 0.795 5.27 445 0.756
Wine 9.11 27.0 461 0.869 489 475 0.912 450 505 0.814

Figure5: C4.5Results

sowe caneasilyboostfor hundredsf thousandof itera-
tions (seeSection6). We canalsoexplicitly solve the LP

for this spaceo determinethe optimalensembléaccording
to the minimum maugin criterion). But mostimportantly

[FS964 have shavn that the benefitsof Adaboostare par

ticularly decisve for FindAttrTest.

The secondearningmethodwe considereds a version
of QuinlansdecisiontreelearningalgorithmC4.5[Qui93).°
This is at the otherend of the spectrumof baselearnersin
that it produceshypothesedrom a very expressve space.
Adaboostis generally effective for C4.5 but, as [FS964
point out, the gainsare not asdramaticandin factthereis
sometimesignificantdeterioratiorfQui9og].

In Tables4 and 5 we presentthe statisticsdiscussed,
alongwith theaverageminimummaimginsobtainedover 100
runs. (Note that the baselearnersinvariably obtain mar
ginsof —1.) First, considerthe behaior of LP-Adaboost
vs. Adaboost. WhenC4.5is usedasthe baselearner LP-

®We hedgeby saying“a versionof C4.5” becausét is in fact
are-implementatiorof this program basedcloselyon the presen-
tationin [Qui93]. However, it producesdenticaloutputin direct
comparisons.Our programcorrespondso all C4.5's default set-
tingsincludingpruning

AdaboostlwaysimprovesAdaboosts maigins,by anaver-
ageof about0.1. Similarly, thereis a fairly consistenin-
creasein the mamgins with FindAttrTest; generallyaround
0.05 with greaterrelative increase.And yet we do not see
ary consistentimprovementin generalizatiorerror! For
FindAttrTest, LP-Adaboosts almostalways worse,some-
timesmuchso. For C4.5,thetypical caseshavs only slight
deterioration—wearenotbeinghurtsomuchhere but there
is definitelyno gainon average.Sinceall elseis controlled
for in this experiment,this seemgo decisvely refute ary
simple versionof the minimum mamgin story. (Of course,
thisimmediatelyraiseghequestiorof whetherthereis some
otherpropertyof the mamgin distribution which is morepre-
dictive of generalizatioperformancesee[SFBL97].)

Next, considerthe behaior of DualLPboostwith Find-
AttrTest. With one exception(explainedbelaw) this yields
evenbettermaigins. And yet,in comparisorwith Adaboost,
we arefrequentlyhurt even more. (Note however, that Du-
alLPboostconstructsa differentensembleso this compari-
sonis notastightly controlled.)

The behaior of DualLPboostwith C4.5is alsocurious.
Thereis a seeminganomaly here: why are the mamgins
sometimeswvorse? Therearetwo reasons.First, even un-



derideal conditionsDualLPboosicantake mary roundsto
achieve the bestminimum maigin, and we stoppedit after
only 50. Sohereat least,its corvergenceateseemsslower.
SecondPualLPboosteliescruciallyontheassumptionhat
the baselearnerfinds a good hypothesisvhen&er one ex-
ists. If thebasdearneris unable(or unwilling) to find sucha
hypothesisthenDualLPboostaneasilybecomestuckwith
no way of continuing.For a classifiedike C4.5,which may
not even try to find the besthypothesigbecauseof prun-
ing), it is not surprisingthatDualLPboostanshaw inferior
performancet finding large minimummamgins.

Returningto the generalizatiorcomparisonswhy is all
our extra effort to optimize magins hurting us? In mary
caseghe answerseemdo be the intuitive one; namelywe
are sometimedncreasingthe minimum magin at the ex-
penseof all theothermaigins. Essentiallythemaigin distri-
butionbecomesnoreconcentratedearits lowerend,which
counteractshefactthatthelower mamgin is higher Table6
shavs the (average)differencebetweenthe 10'th lower
percentilemaigin andthe minimummawin for a few of the
datasets;notehow thesearemuchclosertogethertheseare
for LP-Adaboost. Quite frequently 10% of the points (or
more)all have mamginswithin 0.0010of the minimum. This
table alsoshavs the medianmamin: notethatevenasthe
minimum maigin is alwaysimproved by LP-Adaboostthe
medianneverimprovesby asmuchand(especiallyfor Fin-
dAttrTest)oftendecreases

Thefinal illustration of the effect of our optimizationon
the overall mamgin distribution is givenin Figure7. Here
we plot the cumulatve mamgin distributions obtainedby
the threeprocedure®n a few datasets. Theseplots shov
the distribution obtainedfrom a singlerun, alongwith the
“mean”distribution obtainedover 100runs(formedby sort-
ing the mamginsfor eachof the 100runsandaveragingcor-
respondingvalues). Theseplots graphicallyshav the con-
centrationeffectdiscussedbove. (Thelocationof the min-
imum mamginsarehighlightedby the shortverticallines.)

Ourobsenationsaboutthe effectsof mamin distributions
on testerroremphasizehe centralopenquestionraisedby
thiswork: preciselywhatcharacteristiof the mamgin distri-
bution shouldwe betrying to optimizein orderto obtainthe
bestpossiblegeneralizatiorperformance? The minimum
maugin is notthe answer

6 Boostingin thelimit

Our secondset of experimentsinvestigatesvhat happens
whenonerunsAdaboostfar beyondthe 10’s to 100's of it-
erationsnormally considered.Here we focuson the Find-
AttrTestbaselearner becausef its greatertractability and
alsobecauseve areableto exactly solve the corresponding
LP overthe entire hypothesisspace.In fact, we do this by
running DualLPboosto completion,which generallytakes
afew hundredroundsat most. (This alwaysworksbecause,
for FindAttrTest,we cancertainlyfind the besthypothesis
for eachreweighting.)

The resultsshav several interestingphenomena.First,
we often continue to see significant changesin perfor
manceeven after 10°-10% boostingrounds. We obsere
thatthe minimum maigin increasesnore or lessmonoton-

Data/Learner Adaboost LP-Adaboost

Aninioyz median| Anyini0y Median
Band—-C4.5 0.022 0.584| 0.000 0.606
Chess—-C4.5 0.025 0.752| 0.000 0.859
Colic—C4.5 0.185 0.353| 0.021 0.382
Hep—-C4.5 0.130 0.626| 0.000 0.760
LaborC4.5 0.018 0.064| 0.000 0.749
Splice—C4.5 0.025 0.599| 0.000 0.607
Vote—C4.5 0.049 0.890| 0.002 0.933
Wine-C4.5 0.018 0.933| 0.000 0.968
Band-FindAtt 0.044 0.165| 0.000 0.171
Chess—FindAtt| 0.110 0.187| 0.008 0.142
Colic—FindAtt 0.178 0.173| 0.000 0.029
Hep—-C4.5 0.031 0.247| 0.000 0.171
Labor-FindAtt 0.008 0.368| 0.000 0.339
Splice—FindAtt| 0.594 0.074| 0.104 0.171
Vote—FindAtt 0.198 0.402| 0.098 0.350
Wine-C4.5 0.083 0.257| 0.000 0.228

Figure6: Propertieof themamin distributions

ically (excludingfluctuationsnearthe beginning). Further
more,in our experimentsAdaboosts minimum magin al-
ways asymptotesit the optimal valuefound by LP.'® The
theorywe are aware of only guaranteesalf the value—so
arewe seeingan artifact of FindAttrTest,or doesAdaboost
always have this property?If the latter, Adaboostcanpre-
sumablyturnedinto ageneralalbeitvery slow, LP solver!!
Moreover, if this is the case,then Adaboostwould be ex-
pectedto do exactly aswell asDualLPboos{or otherexact
LP solwers)in the limit, andthusits empirical superiority
would have to be explained(somehav) usingthe fact that
it is typically not runto anywherenearits asymptotidimit.
We believe that this theoreticalquestionis one of the most
significantissuegaisedby our work.

Anotherimportantaspecbf our resultsis the correlation
of minimum magin with generalizatiorerror. The mini-
mum mamgin always increasesbut the testerror often de-
teriorateswith large numbersof boostingrounds(although
this cansometimegake tensof thousand®f roundsbhefore
it becomesapparent).Oneimplicationis thattheseexperi-
mentsgive anothey independentrefutationof the straight-
forward minimum-magin story—becauseagain, we see
errors sometimesncreaseeven as the mamgin getsbetter
But this phenomenoris also interestingbecauset coun-
terswhatseemso bevery commonfolklore” thatboosting
is strongly resistantto overfitting. To a certainextent this
maybetrue,but our experimentsuggesthatthisis perhaps
only the casein certainregimes(which presumablydiffer
with theproblemandthebasdearnemeingconsidered)and
shouldnotbereliedonin general.

Figures8, 9, and 10 illustrate three typical asymptotic

0Byt notethattherearetypically mary differentsolutionsthat
achie/e the samebestminimum mamgin. Thus, even thoughthe
asymptoticmargins coincide,thereis no guarante¢hat Adaboost
andour particular_P solverwill findthesameweightedensembles.

1| e., an LP solver that doesnot requireary tuning basedon
prior knowledgeof the LP’s solutionvalue. It is in this sensehat
sucharesult,if true,would strengtherfFS96b].
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Figure8: Adaboostwith FindAttrTeston “chess”

runs.Herewe consideasingletrain/testsplit for eachprob-
lem. Thehorizontalaxismeasureboostingroundsonalog-
arithmic scale. At the top we shaw training andtesterror,
andbelow we plot the correspondingninimummaigin over
the training set. The dottedreferencdine shavs the mini-
mummamgin obtainedby the exactLP solution.

7 Conclusions

Recentwork in the theory of ensemblanethodshasgiven
us new insight as to why boosting,and relatedmethods,
areassuccessfubsthey are. But only carefulexperimen-
tation cantell ushow corrector comprehensi this theory
is in explainingthe“real world” behavior of thesemethods.
The principal contribution of this paperis thatwe have car
ried out someof the experimentsneededo testthe signif-
icanceof the “minimum mamin” in ensembldearning. In
the processwe have furtherelaboratedn the deepconnec-
tion betweerboostingandlinear programmingtechniques,
suggestinghew algorithmsmoredirectly motivatedby LP.
Our experimentgrove thatincreasinghe minimummar
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Figure9: Adaboostwith FindAttrTeston “crx”
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Figure10: Adaboostwith FindAttrTeston “allhypo”



ginis notthefinal, or eventhedominant.explanationof Ad-
aboosts success.The questionof why Adaboostperforms
sowell on real problems,andwhetherthereare yet better
techniquego befound,is still moreopenthanclosed.
Finally, our experimentshave broughtto light otherin-
triguing phenomenorparticularlyconcerninghevery long
run behaior of Adaboost. Eventually it seemsAdaboost
can overfit (as one would naively expect, but contraryto
whatonegetsby extrapolatingmostshort-runexperiments).

8 Further Directions

We closewith a few miscellaneou®bsenationsaboutthe
connectiorbetweerminimum mamginsandlinear program-
ming which, while interesting,do not directly relateto the
main concernof this work. All suggesiadditionalexperi-
mentalresearch.

The first concernsthe duality result mentionedin Sec-
tion 4. This suggesta new stoppingcriteria for boosting
algorithmsin generalincluding Adaboost.At eachstepof
a boostingalgorithm, we can computethe margin actually
achieved by the currentweightedensemble. We can also
keeptrack of the lowest(i.e., worst) scorethe baselearner
hasbeenableto achieve (on ary reweightingof thetraining
setthatit hasbeenpresentedvith). But duality theory the
optimal achievablemamin lies betweerthesevalues Once
the gapbetweentheseis sufiiciently small, one knows that
little additionalimprovements possibleandsocanstop.As
obseredin Section6, thequestionof whena procedurdike
Adaboosthasreally “converged” can be a difficult onein
practice.

Secondandalsorelatedto the dual LP formulation,we
notethe existenceof the ellipsoidalgorithmfor solvinglin-
ear programs,famousbecausedt was the first guaranteed
polynomial time algorithm for LP [Kha79 Chv83. But
it hasanotherinterestingpropertythat it doesnot needto
seethe explicit constraintmatrix. Instead,oneonly needs
an “oracle” which—gien ary proposedassignmento the
variables—willproducea violated constraintif one exists.
Given suchan oracle,the algorithmcanfind a solution (to
somegivenprecision)in polynomialnumberof callsto the
oracle(independenbf how mary constraintshereactually
are). It is intriguing thatin the dual formulationof our LP
the baselearneris sut an oracle violatedconstraintscor-
respondo basehypotheseshatdo betteron the currentex-
amplereweightingthanary membeiof thecurrentweighted
ensemble.lt thereforeseemspossiblethat this idea could
leadto another‘boosting” algorithmin the styleof DualLP-
boost,but with perhapglifferentconvergencepropertiesand
(ateachstep)vastly superiorcomputationatomplexity.

Finally, theideaof minimizing mamginsis reminiscenof
the ideaof supportvectormachineCV95]. There,how-
ever, onetriesto find alinearcombinatiorthatachiezesthe
bestworstseparatiorn thesensef Euclidean(i.e., L») dis-
tance,asopposedo the L, notion usedto definemamins
(in a straightforvard way but onewhich we do not formal-
ize here). It turns out that SVMs maximize L, mawgins
using quadraticratherthanlinear programs. But a benefit
of maximizing L, ratherthan L, mamgins is that L; has
a much strongertendeng to producesparse weight vec-

tors. This canyield smallerrepresentationsf the learned
ensemblewhich canbe animportantconsiderationn prac-
tice[MD97]. In factour experimentssupporthis. We often
find thatLP-Adaboostfor instancegndsup giving zero(or
negligible) weightto mary of thehypothesisn theensemble
andsotheeffectiveensemblesizeis smaller
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