Improved Mean and Variance Approximations for Belief Net Responses via Network Doubling

Introduction

Query: what is probability ofl = a, given(B =b,Y = y)?
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Bayesian paradign® random, want posterior distribution ¢f©)

e Approx mean: replacé,, Gb‘a by means; density by Student’s
e Approx variance: delta method [2]

—uses approx local linearity of functian
e Approx distribution ofg(®): Beta

Novel approach to approximations via network doubling:
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e For replicates A, B;, Y1) L (Ag, By, Ys) | ©

¢(©)° = P(Aj=Ay=a|By =By =0b,Y) =Y, =y,0)
= a query in doubled network

e Compute approx mean gf®)?

e Variance =F{q(©)%} — [E{q(©®)}]?

e Doubling method uses minor changes in conditioning events
¢ Doubling works for discrete, continuous, and hybrid networks
e Our paper emphasizes implementation for discrete networks:

—asymptotic analysis and adjustments to improve accuracy
—numerical results and computational issues.

Assumptions and Notation

e Discrete network

e © = vector of all CPtable parameters
Opja = P{B =b| A = a,©}, whereA is vector of parents of

e Conjugate prior: global and local independence, Dirichlet
e Complete datd
*¢(©) = E{w(H)|E = e,0}
— H, E are vectors of hypothesis and evidence variables
—w IS an indicator function, e.gly,(H)
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Important Formula

Plug-in approximation of posterior med{¢(®) | D} [1]

E{q(©)|D,e} = E{w(H)|E = e, D} = q(E{® |D}) (1)

¢ (D, e) = augmented datd) plus partial observatio

Asymptotic Analysis
As effective sample sizew — oo with E{© | D} fixed:

e query mearu, remains constant
e query variance, = O(m™1)

« Global independence needed, not local independence or Dirichlet ® €rmorsg; — g = O(m™1) for j = 1,2 andO(m—3/2) for j = 3,4

Network Doubling

Apply (1) to doubled network:

e Replicate§ By, A1, Hy, E) L (B, Ay, Hy, E9) | ©
e Doubled CPtable entrieé;jlbzlam2 = 0p,1a,%;)a,
e H* = (Hl,Hg), E* = (El, EQ), e* = (6, 6)
o w*(H") = w(H1)w(H>)
e Result:
1(©)° = E{w"(H") | E* = ¢*, 0}
¢(©) = E{w(H,) | E" = €", 0}

e ApproxVar{q(®)| D} by
Var{¢(©)| D, e*} = E{q(©)°| D, e*} — [E{q(©) | D,e*}]* (2)
e Doubled network retains global independence, so (1) valid:
E{q"(®")|D,e"} = ¢"(E{©" | D}) (3)

e (D, e*) = augmented datd) plus partial observation&, E-)
e ComputeE{©®* | D} from Dirichlet means and covariances
e Compute (2) using (3) with*(©*) = ¢(®)? andg*(©*) = ¢(O)

Adjustments

Adjusted mean and variance approximations:

Means Variances

g1 = F{q(®)|D,e} 01 = delta method [2]

g = E{q(®)|D,e,e} 19 = Var{q(®)|D,e, e} in expression (2)
g3=q —(¢2—q)  v3=expression (5)

41 = q1 — Oqr/ ir v, = expression (6)

e Simple adjustmentsjs, v3), more compleXqy, v4)
e()=q(®)andR = P(E =€ |0O)

e Formulae involve moments of posterior distribution &f, R)
e ¢4, anduy useCov(Q, R) approximation:

A (G2 — @) pr (g7 + ove ) {pir (1 = piy) + o} (4)

0] p—
! (L — pir) 4 pr (1 = 20 )0y — 0,

¢ Adjusted variance approximations obtained by iteratively solving

o 02+ 2(Go — ¢1)° (5)
1+ 4(¢2 — q1)(1 — 243)/{a3(1 — ¢3) + 03}

4 - A A A A A
N% + Opy + 4Nr0qr(1 — 244)/{qa(1 — Ga) + 04}

o relative errorgi; — ogq)/ogg = O(m™1) for j = 1,2,3,4

Computational Issues

e Belief net inference is NP-complete
e Complexity of Variable Elimination (VE) Algorithm i©(d")

—d = upper bound on variable domain size
—r = upper bound on size of a factor generated by VE

e Doubling method uses technique for variance that is similar to eval-

uating a query, so has corresponding computational complexity

e Doubled CPtables are larger (squared number of rows and columns),

so computational complexity of VE i@(d27")
e Delta method retain®(d") complexity, so faster in large networks

e Sometimes exploit network or query structure for polynomial time

Numerical Results

q; andv; compared with empirical estimates @f ando .

e simulatel0 replicates of® from posterior
e evaluate each(®)
e calculate sample mean and variance

Examples differ with respect to network structure, posterior, and query

e BDe posteriors, hyperparameters determinecilgnd £{© | D}

e Examples from three small networks, each with one veEtf@® | D}
andm € {20, 50, 100, 200, 500}:

—Two nave Bayes networks (NB-2 and NB-4 with 2 and 4 binary

features plus the binary root variabtf); £ = all children of H,
e varies over all combinationg{ for NB-2, 2* for NB-4)

—Diamond network<>, 4 binary variables, 108 distinct queries
with one hypothesis variable

Results consistent with asymptotics.

e Query mean:
— g3 ~ g4, both more accurate tham
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e Query Variance:

— 03 & U4, both more accurate than

—NB networks,vo accuracy similar tay

—Diamond networky, accuracy similar ta; anduy
—Variation in empirical variances noticeable far= 500
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Continuous Variables

e Doubling applies to continuous and hybrid networks (parents of dis-
crete variables must be discrete) but implementation more complex

e Continuous variables Gaussian, mean related linearly to continuous
parents, coefficients and variance depending on discrete parents

e Conjugate prior is normal-(inverse chi-square)

e Predictive distribution substitutes means for CPtable parameters and
t densities for normal (bivariatefor doubled network)

¢ \Work in progress on computational issues

References

[1] G. Cooper and E. Herskovits (1992). A Bayesian method for the
iInduction of probabilistic networks from datilachine Learning:
309-347.

[2] T. Van Allen, A. Singh, R. Greiner, and P. Hooper (2008). Quan-
tifying the uncertainty of a belief net response: Bayesian error-bars
for belief net inferenceArtificial Intelligencel72 483-513.

UAI June 2009



